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In this work, we study the interaction between charged particles immersed in
a solution of oppositely charged, rod-like counterions and point-like co-ions.
The system is modeled by a field theoretic approach, which was extended
to treat mixtures of rod- and point-like ions. The theory is applicable from
the weak to the intermediate through to the strong coupling regimes. In
the weak coupling limit, the force between the charged surfaces are only repulsive. In
the intermediate coupling regime, the rod-like ions can induce attractive force between
the charged surfaces. In the strong coupling limit, the inter-ionic charge correlations
dominate the attractive forces at short separations between the charged surfaces.
Keywords: Field theory; Interfacial layer; Electrostatic interactions.
1. Introduction
Electrostatic interactions are ubiquitous in biological and colloidal systems; con-
sequently, it is of fundamental importance to understand the interactions between
charged macromolecules in electrolyte solutions 1. These interactions are especially
important in stabilizing colloidal systems, including sols and clays 2. Colloids in
aqueous solutions can acquire charges via ionization of surface acid or base groups,
thereby becoming macroions with charged surfaces. Ion adsorption or desorption
onto a macroion surface creates an electric interfacial layer. In clays, charge arises
by isomorphous substitution of one atom by another.
In the absence of counterions, like-charged objects repel each other. The pres-
ence of counterions, however, can lead to an intuitively surprising effective attrac-
1
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tion between like-charged macroions in solution. For example, this attraction can
be mediated via the correlated motion of mobile multivalent ions in the solution
3. Hexagonal arrays of double stranded DNA are formed by polyamines and other
ions with a valency higher than two; even some divalent ions like manganese and
cadmium can form DNA arrays 4. Divalent diamin ions can induce aggregation of
rod-like M13 viruses 5, whereas divalent barium ions can mediate network formation
in actin solutions 6. Divalent ions can also induce adsorption of DNA onto zwit-
terionic lipid layers 7. Multivalent ions which possess a spatial charge distribution
usually show a strong tendency to induce aggregation of like-charged macroions.
Example systems include positively charged colloids that condense DNA 1 and DNA
that induces attraction between cationic lipid membranes 8.
The presence of an attractive force between two equally charged surfaces im-
mersed in a solution composed of divalent ions in the limit of high surface charge
density was first calculated by Monte-Carlo (MC) simulations of Guldbrand et
al. 12. Subsequently, more detailed MC simulations 13,14,15 showed that attractive
interactions between equally charged surfaces may arise for high surface charge den-
sity, low temperature, low relative permittivity and multivalent counterions. The
classic Poisson-Boltzmann (PB) theory predicts only repulsive interactions between
equally charged surfaces 9. The PB theory is a mean field theory where ions are
treated as point-charges and the solvent is considered a uniform, continuous dielec-
tric medium. Charge-charge correlations must be considered in order to describe
attractive interactions between like charged surfaces in electrolyte solutions 10,11.
In real solutions, ions usually have an internal structure, with individually sep-
arated charges and with possibly additional rotational degrees of freedom. Charge
correlations as a result of bonding between charges within an ion (e.g., the intra-
ionic correlations induced by the fixed distance between charges in a rod-like ion)
can be sufficient to change repulsive into attractive interaction between like-charged
surfaces 18,19,22. In these weak coupling studies, the rod-like ions carry a single ele-
mentary charge on each end. The minimum of the free energy occurs for the rod-like
counterions oriented perpendicularly to the like-charged surfaces. The rod-like ions
bridge left and right oppositely charged surfaces. Monte Carlo simulations confirm
these theoretical predictions 19,22,23. Also rod-like dipoles and spherical quadrupoles
between charged surfaces have also been studied 20,21.
The description of systems of rod-like ions has been extended to the intermedi-
ate and strong coupling regimes, where the interionic correlations alone can lead to
an attraction between like-charged surfaces 24,25,26. In systems with highly charged
macroions and mobile multivalent ions, correlations between the charges need to be
introduced 27,28,29. In the description of strongly coupled systems, the field theo-
retic approach has shown to provide good predictions, in comparison to simulation
results.
In this work, we present a general field theoretic method to describe ions with
a spatially distributed charge confined between large, highly charged macroions
in a planar geometry. First, we consider a mixture of trivalent rod-like
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counterions and monovalent point-like co-ions. Second we reduce the
system to only trivalent rod-like ions, and third we examine point-like
trivalent ions. The influence of monovalent point-like counterions on the
trivalent rod-like profiles is considered. Further, we examine how the charge
distribution on rod-like counterions influences the interaction between two similarly
charged surfaces and how they differ from point-like trivalent counterions.
2. Theory
We analyze systems of rod-like ions and point ions that are confined between two
charged plates separated by a distance D. Each rod has a total length l and consists
of 3 rigidly bonded and equally spaced point charges of magnitude q. The charge
density QR(r, nˆ) of one of these rods, with one end located at the origin and the
final point charge located at a position lnˆ, is given by
QR(r, nˆ) = q
2∑
k=0
δd(r− kl′nˆ), (1)
where l′ = l/2 is the distance between neighboring point charges. The charge
density of a monovalent point-like ion is given by QP (r, nˆ) = −qδ
3(r). The
charge of the rod-like and point ions is neutralized by a fixed surface charge density
Σ on the confining plates. The total charge density Q(r) of the system composed
of mobile ions and a fixed charge distribution is
Q(r) =
∑
j
QR(Rj , nˆj)−
∑
k
qδ3(rk) + Σδ(z) + Σδ(z −D) (2)
where rk is the position of point charge k, Rj is the position of rod j, and nˆj is its
orientation.
The electrostatic energy E of the system is
Eel =
1
2
∫
drdr′Q(r)G(r, r′)Q(r) (3)
where G(r, r′) = ǫ−1|r − r′|−1 is the Green’s function of the Poisson equation.
Physically, the Green’s function represents the electrostatic potential at position r
due to a unit point charge located at position r′.
A key length scale that characterizes theses systems is the Bjerrum
length. It is defined as lB = q
2/(ǫkBT ), where ǫ is the dielectric constant
of the solvent (water), and kBT is the thermal energy. We use Gaussian
units for which 4πǫ0 = 1, where ǫ0 is the permittivity of free space. Due
to the high dielectric constant of water (ǫ = 80), ions in aqueous solutions
often dissociate and become mobile. This high dielectric constant greatly
reduces cation-anion attraction and favors the entropic gain that comes
with the dissociation process. Besides the distance between the walls D
and the length of rod-like ions l, an additional length scale is the Gouy-
Chapman length µ = q/(2πlBΣ). It measures the distance at which the
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thermal energy equals the counterion-wall interaction energy and gives
a measure of the thickness of the counterion layer at a charged wall. The
ratio between Bjerrum length and Gouy-Chapman length is the coupling
parameter Ξ = lB/µ, which characterizes the strength of the electrostatic
interactions.
Field theory based approaches work well for long-wavelength fluctuations. On
the other hand, particle based approaches, such as virial expansions, work well for
short-wavelength correlations. In the splitting approximation 24,25, we divide the
fluctuations of the system into short-wavelength and long-wavelength contributions
and treat each of these within different approximation schemes. This leads to a the-
ory which works well for both the weak coupling and strong coupling limits, as well
as for intermediate coupling strengths. Technically, we divide the Green’s function
of the electrostatic interactions into short-wavelength Gs and long-wavelength Gl
contributions as 24,25,26:
G(r, r′) = Gs(r, r
′) +Gl(r, r
′) (4)
where Gl = PG, and Gs = (1 − P)G, and P is an operator that projects out
the long-wavelength components of a function. The form of this operator is fairly
arbitrary, and in this work, we use P = [1 − σ2∇2 + σ4∇4]−1, where the splitting
parameter σ is a length scale which separates short-wavelength and long-wavelength
regimes. Physically, σ is the radius of the correlation hole around each of the charges
and is determined by making the free energy stationary.
The grand partition of the system can be written as an integral over all possible
positions and orientations of the particles in the system. Another way to represent
the grand partition function is to transform it to a functional integral over interac-
tion fields. In this approach, the focus is changed from particles to the interaction
potential generated by the particles, which is performed mathematically using the
Hubbard-Stratonovitch transformation. This transformation is done separately for
the short-wavelength and long-wavelength components of Green’s function, which
leads to functional integrals over associated short-wavelength and long-wavelength
fields. The averages over these fields are performed using different approximations.
The short-wavelength field ψs is strongly fluctuating and averages over this field
are approximated by a truncated cumulant expansion. The results are equivalent
to a virial series in which the particles interact with an effective one and two body
potential. The long-wavelength field ψl is weakly fluctuating. A single config-
uration of the long-wavelength field dominates the contribution to the partition
function. Configurations deviating substantially from main configuration do not
make a significant contribution. Averages over this field are performed using the
mean field approximation.
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The approximate Helmholtz free energy F of the system can be writ-
ten as
βF [ρ,Σ] ≈
∫
dRdnˆ ρR(R, nˆ)
[
ln ρR(R, nˆ)Λ
3
R − 1
]
+
∫
dr ρP (r)
[
ln ρP (r)Λ
3
P − 1
]
−
1
8π
∫
drǫ∇φ(r) · ∇iψ¯l(r) +
∫
dr
[
Σ(r)
+
∫
dRdnˆ ρR(R, nˆ)QR(r−R, nˆ)
+
∫
dR ρP (R)QP (r−R)
]
iψ¯l(r)
+
∫
dRdnˆ ρR(R, nˆ)βuR(R, nˆ) +
∫
dr ρP (r)βuP (r) + βE
se
s
where ΛR is the de Broglie wavelength of the particles, ΛP is the
de Broglie wavelength of the point ions, and Eses is the short-wavelength
contribution to the electrostatic interaction energy. The one-body inter-
action potential of the rods is explicitly given by
uR(R, nˆ) = q
2∑
k=0
∫
dr′Gs(R+kl
′nˆ, r′)Σ(r′)−
q2
2
2∑
j,k=0
Gl(R+jl
′nˆ,R+kl′nˆ)+vR(R, nˆ)(5)
where vR(R, nˆ) is an applied non-electrostatic potential. The one-body
interaction potential of the point ions is given by
uP (r) = −q
∫
dr′Gs(r, r
′)Σ(r′)−
q2
2
Gl(r, r) + vP (r) (6)
where vP (r) is an applied non-electrostatic potential on the point charge.
Minimization of the free energy of the system with respect to the
mean value of the long-wavelength field iψ¯l leads to the Poisson equation
−
ǫ
4π
∇2φ(r) = qR(r) + qP (r), (7)
with the mean electric potential φ(r) = β−1P−1iψ¯l(r) and the charge den-
sity of the rods and point charges given by
qR(r) = q
2∑
k=0
∫
dnˆ ρR(r− kl
′nˆ, nˆ)
qP (r) = −qρP (r)
with
ρR(R, nˆ) = Λ
−3
R e
γR(R,nˆ)−βuR(R,nˆ)−q
∑
k
ψ¯l(R+kl
′
nˆ)
ρP (r) = Λ
−3
P e
γP (R,nˆ)−βuP (R,nˆ)+qψ¯l(r)
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Fig. 1. A schematic illustration of two like charged planar macroions embedded in a
solution of trivalent rod-like and monovalent point-like ions.
3+
σ σσ σ
Fig. 2. A schematic illustration of two like charged planar macroions embedded in a solution of
(a) spherical trivalent ions and (b) trivalent rod-like ions.
2.1. Results and discussion
We now examine a system of trivalent rod-like counterions and monovalent
point co-ions between two like-charged surfaces (see Fig. 1). Later we
reduce the system to trivalent rod-like ions (see Fig. 2b). We also study systems of
trivalent point charges (see Fig. 2a) confined between charged plates. The length
of rod is 1 nm, with two elementary charges located at each end of the rod and one
elementary charge located at its center. The system is immersed in water, with the
Bjerrum length of 0.7 nm. The following analysis is based on numerical solutions of
integro-differential equations presented in the previous section.
Fig. 3. Field theoretic results. Density distribution of trivalent rod-like counterions of
length l = 1 nm and monovalent point-like counterions confined between two plates.
Left: Σ = 0.02C/m2, right: Σ = 0.2C/m2. Full lines: bulk counterion concentration
10−2M, dashed lines: bulk counterion concentration 10−4M. The separation between
charged surfaces is D = 2 nm.
Figure 3 shows the density distribution of trivalent rod-like counte-
rions and monovalent point-like co-ions for two different surface charge
densities and two different counterion bulk concentrations. We observe
that the increasing surface charge Σ of the plates significantly increases
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the ion density near the plates. The reason is the strong electrostatic
attraction between negatively charged surfaces and positive trivalent
rod-like counterions. The steric restriction prevent that rod-like coun-
terions could not penetrate through the charged walls. The kink in the
ion density profiles for the rods at a distance l from the surface results
also from the rotational restriction. Point-like monovalent counterions
are attracted by the charged surface to less extent. In this range of con-
centrations, the influence of monovalent point-like counterions is small.
Fig. 4. Field theoretic results. Density distribution of trivalent rod-like counterions of length
l = 1nm (full lines) and point counterions (dashed lines) confined between two plates with charge
density Σ = 0.2C/m2 (a,c) and Σ = 0.02C/m2 (b,d). The separation between charged surfaces is
D = 2nm.
Figure 4 shows the density distribution of trivalent rod-like and point counteri-
ons for two different surface charge densities. The solid lines corresponds to rod-like
counterions whereas the dashed lines corresponds to point-like counterions. In all
cases, the MC results are in a good agreement with the theory. It can be seen that
increasing the surface charge Σ of the plates significantly increases the ion density
near the plates. The ion density at the charged surface is lower for the rod counte-
rions as compared to the point counterions, at the same conditions. This is due to
the rotational restriction for rod counterions close to the surface, which leads to a
relative depletion of the counterions. The kink in the ion density profiles for the rods
at a distance l from the surface results also from the rotational restriction. In the
case of trivalent point-like ions and small surface charge densities, the concentration
profiles obtained by the PB theory agrees quite with the field theoretic predictions.
The discrepancy becomes important for very large surface charge densities.
Figure 5 shows the equilibrium distance between two like charged surfaces as a
function of surface charge density Σ. The curves represent the conditions at which
the pressure between the plates is zero. The regions between the curves separate
the attractive from the repulsive interactions between like charged surfaces. The
repulsive attraction is obtained for smaller surface charge densities and smaller
equilibrium separations between the charged surfaces, as well as for larger surface
charge densities and larger equilibrium separations between the charged surfaces.
Fig. 5. Equilibrium plate separation Dequil as a function of the surface charge density for trivalent
rod-like ions (full line) and for trivalent point-like ions (dashed line). The regions of attractive and
repulsive interaction between like charged surfaces is shown.
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3. Conclusions
In conclusion, we examined the influence of charge distribution within particular
ion on the interaction between like charged surfaces. The study was made for a
mixture of trivalent rod-like ions and monovalent point-like counterions.
We have used a previously developed field theory approximation which is known
to provide accurate predictions for multivalent ions. The theoretical results are in
good agreement with Monte Carlo simulation results.
Generally, for sufficiently long rod-like counterions, there are two distinct regions
of attractions between the plates. One occurs at plate separations that are about
the length of the rods (bridging of the counterions across both plates). In addition
to bridging, an attractive region occurs at lower surface separations (correlations
between the counterions). With decreasing length of the rod-like counterions, the
attractive region associated with “bridging” prolonged to shorter surface separa-
tions.
The results in this work may be verified experimentally using surface force ap-
paratus and atomic force microscopy to measure the force between like charged
surfaces. The theoretical results can also give new insights for the study of inter-
actions between DNA molecules induced by trivalent rod-like ions like spermidine
(DNA condensation) 4.
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